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1 INTRODUCTION

Decentralized assignment systems where heterogeneous users can choose among available alterna-
tives instead of being dictated by some centralized assignment mechanism, play a common role in
many real-world applications pertaining to resource distribution such as travelers’ route choice and
various reservation-based systems (e.g., hotel room booking and ticketing platforms, etc). Predict-
ing/modeling the assignment outcome of such a decentralized system concerns the system manager
because the system performance depends on the assignment outcome.

This paper investigates a class of decentralized resource assignment systems where a set of ca-
pacitated resources are to be distributed in a first-come-first-served (FCFS) manner to a group of
heterogeneous users with partially observable preferences. In particular, different types of resources
share some basic functions such that they are considered substitutable. Meanwhile, they are differ-
entiated/classified by features that cater to the preferences of different users. As the users arrive
sequentially, each of them can choose among the available types of resources based on their pref-
erence. We consider two sources of uncertainty, namely partially observable user preference and
unknown arrival order, both of which are motivated by the inadequate information accessibility
prevailing in practice.

Partially observable user preference. The attributes of alternatives may not be quantifiable
or have a presumably consistent preference among all users. To capture the choice behavior of
heterogeneous users in these contexts necessitates comprehensive surveys that look into detailed and
personalized information about the users. The success of such user behavior studies relies on high-
quality data, proper model specification and precise calibration, each of which may be unnecessarily
costly and complex (Hensher & Greene, 2003). More importantly, privacy concerns have been
an increasingly outstanding obstacle for collecting highly personalized user data. In light of the
difficulties in acquiring highly granular user preference information, in this paper, we assume that the
manager only has information about users’ primary preference (i.e., the most preferred alternative),
rather than detailed information that underpins a user behavioral model. The collection of such
information can be done in a more practical and credible way using such simpler survey techniques
as poll-like micro-surveys that are extremely cost-efficient and user-friendly (Louviere et al., 2000,
Hensher, 2006, Dillman et al., 2014).
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Unknown arrival order. When considering heterogeneous users in a capacitated decentralized
assignment system, the capacity constraints plus the FCFS principle render the arrival order pivotal
in shaping the assignment outcome (Binder et al., 2017, Paneque et al., 2021). To see this, let’s
consider a ticketing system where two users make sequential purchases for tickets to a concert. User
1 prefers zone-A tickets, while user 2 prefers zone-B ones. Before their purchases, there is only one
zone-B ticket and one zone-C ticket available in the system. Suppose user 1 arrives first. She finds no
zone-A tickets left and then chooses to book the only zone-B ticket, leaving the zone-C ticket for user
2. In this case, both users fail to purchase the tickets of their most preferred zones. Now suppose
user 2 arrives first, they will definitely book the zone-B ticket and the zone-C ticket will be left for
user 1. In most cases, the manager does not have control over users’ arrival order. It is therefore
necessary for the manager to consider the impact of the unknown arrival order when predicting
the assignment outcome. However, existing studies regarding capacitated decentralized assignment
systems have not paid enough attention to the subtle relationship between the uncontrolled arrival
order and the assignment outcome.

Assignment outcome prediction subject to the aforementioned uncertainty is challenging because
the modeler has to precisely determine all possible (and exclude all impossible) scenarios conditioned
on the partially known information.

Our work contributes to the literature by filling the aforementioned gaps. First, we establish a
utility-free user equilibrium (UE) model, which is the first theoretical result in terms of outcome
prediction for a capacitated decentralized assignment system subject to limited knowledge of user
preference and with explicit consideration of the FCFS principle for uncontrolled arrival order. Due
to the non-uniqueness of UE, we are motivated to assess the best/worst-case UE in terms of user
satisfaction, accomplished by solving a mixed integer program with complementarity constraints
(MIPCC). Second, we propose a restricted sequential assignment (RSA) framework that serves
as an insightful analysis tool for the proposed UE and a bedrock for efficient algorithms for UE-
related computations, based on which an efficient dynamic programming (DP) based exact algorithm
is designed to solve the MIPCC. Third, the RSA framework and the derived DP enable us to
analytically explore the Price of Anarchy (PoA, defined as the ratio of worst-case UE to system
optimum) of such decentralized systems. We prove that the PoA in terms of user satisfaction has a
tight upper bound |K| − 1, where |K| is the number of resource types. Meanwhile, we also identify
a desirable property for the capacity allocation such that the PoA can be controlled to below |K|/2,
which signifies huge room for system optimization even subject to uncertainty in user preference and
arrival order.

2 METHODOLOGY

Consider a reservation-based resource assignment system where finitely many types of capacitated
resources (e.g., products, tickets and hotel rooms) are to be reserved/chosen in an FCFS manner by
a group of users who arrive sequentially. Let K be the set of resource types. The supply of type-k
resources (or type-k capacity) is denoted by Ck (k ∈ K). Accordingly, users are divided into |K|
groups based on their primary preference over the resource types; i.e., a user who most prefers type
k ∈ K resources is categorized as a type-k user. For each type k ∈ K, the number of type-k users
(or type-k demand) is denoted by Qk. Type k is said to be a surplus type if Qk < Ck; a balanced
type if Qk = Ck; a deficit type if Qk > Ck. Let D denote the set of deficit and balanced types and
S that of surplus types.

We use decision variable xkw ∈ [0, Qk] to represent the decentralized assignment outcome; i.e.,
xkw denotes the amount of type-k demand assigned to type-w capacity. For any k ∈ K, a type-k
user is said to be misplaced if she is assigned a unit of type-w resources (∀w ̸= k). An assignment
x = (xkw)k,w∈K is feasible if it satisfies

∑
w∈W xkw = Qk,∀k ∈ K, and

∑
k∈K xkw ≤ Cw, ∀w ∈ K.

Denote by X the set of feasible assignments.
Since the assignment is decentralized following the FCFS principle, we need to be able to formally

describe the possible assignment outcomes before evaluating the system performance. To this end,
we make an assumption about the individual user choice rule.

Assumption 1. (User choice rule) When a type-k user arrives at the reservation system, if there
are available type-k resources, then she will reserve one unit of type-k resources. Otherwise, she will
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randomly reserve a unit of available resources regardless of the resource type.

Note that this is the user choice rule from the manager’s perspective based on their limited
knowledge of user preference for resource types (and facilities), rather than the authentic user choice
principle. Nevertheless, the assumption complies with the FCFS principle and individual rationality.
Given a sequence of arrivals with each user assumed to make their resource type choice based on
the user choice rule, the assignment outcome corresponds to a user equilibrium defined as follows.

Definition 1. (User Equilibrium, UE) A feasible assignment x ∈ X is a user equilibrium as-
signment if it complies with the user choice rule for some sequence of arrivals.

A UE assignment describes an eventual state that could occur under decentralized assignment
from the manager’s perspective. It can be shown that it essentially corresponds to a subgame
perfect Nash equilibrium. Based on the UE definition, in what follows we mathematically establish
the conditions that x should meet so as to be a UE assignment.

Proposition 1. (UE Condition) A feasible assignment x ∈ X is a UE assignment if and only if
∃uk ∈ R(∀k) and vkw ∈ {0, 1}(∀k ̸= w) such that

0 <
∑
w ̸=k

xkw ⊥

(
Ck −

∑
w

xwk

)
> 0, ∀k ∈ K (1)

uk − uw ≤ (1− vkw)|K| − 1, ∀k ̸= w (2)

xkw ≤ Qkvkw, ∀k ̸= w (3)

With Proposition 1, we are now able to capture all UE assignments via an inequality system
with complementarity condition (1). Let XUE denote the set of UE assignments.

It is obvious that the UE assignment is not unique in most cases. In practice, we are particularly
interested in how good/bad such a system can be so that we are able to envision the possible
outcomes. In this paper, the performance of an assignment x is measured by the manager based on
the misplaced demand. The following mathematical program (P1) measures the performance of the
best/worst-case UE assignment.

(P1) min
x∈XUE

/ max
x∈XUE

z(x) =
∑
k∈K

∑
w ̸=k

xkw (4)

Per the UE condition, P1 is intrinsically a mixed-integer program with complementarity constraints
(MIPCC). The best-case UE trivially yields minx∈XUE

z(x) =
∑

k∈D(Q
k −Ck) while the worst-case

UE is more difficult to solve. We hence develop a new analysis framework called RSA (omitted due
to length limit), based on which P1 (max case) is solved exactly via dynamic programming.

Proposition 2. maxx∈XUE
z(x) = VD(D) + VS(S), where VD(D) and VS(S) are the optimal value

of following DPs, respectively.
VD(H) = maxk∈H

{
min

{∑
k∈D\H(Q

k − Ck), Ck
}
+ VD(H\{k})

}
,∀H ⊂ D, and

VS(H) = maxk∈H

{
min

{[∑
k∈D

(
Qk − Ck

)
−
∑

k∈S\H
(
Ck −Qk

)]+
, Ck

}
+ VS(H\{k})

}
,∀H ⊂

S.

Both VD(D) and VS(S) can be obtained through backward induction. Numerical experiments
suggest that the proposed DP-based solution approach significantly outperforms the solver (CPLEX)-
based one. In large-scale instances, the proposed approach can find the globally optimal solution
within seconds while the solver-based approach could fail to do that within one hour.

3 RESULT

Based on the RSA framework and DPs, we further explore the relation between the system parame-
ters and the worst-case misplaced demand, which offers valuable insights into the implications of the
capacity allocation and provides intuitive guidance for user-oriented system design. We measure the
efficiency loss due to decentralized assignment using the Price of Anarchy (PoA), defined as the ratio
of some performance metric calculated under the worst-case equilibrium to that under the best-case;
i.e., PoA = VD(D)+VS(S)∑

k∈D(Qk−Ck)
.
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Proposition 3. (Bounds on PoA) For any system with |K| ≥ 2 and at least one deficit type, if
the system possesses a unique UE, then PoA = 1; otherwise, 1 ≤ PoA ≤ |K| − 1.

For systems with non-unique UEs, the PoA bounds are tight in the sense that we can vary
the PoA exactly from its lower bound to its upper bound merely through leveraging the capacity
allocation regardless of the demand setting and capacity budget. In other words, capacity allocation
has a significant impact on the inefficiency of decentralized assignment. An improper capacity
allocation scheme could allow decentralized assignment to generate as much as |K| − 1 times more
misplaced demand than centralized assignment. On the contrary, a favorable allocation scheme can
do extremely well in reducing the uncertainty due to decentralized assignment. This suggests an
enormous potential to investigate the optimal capacity allocation for such decentralized assignment
systems subject to ambiguity in user preference and/or arrival sequence.

The following lemma gives bounds on VD(D) and VS(S) and offers an intuitive sense of what a
robust system (which possesses a lower bound) might look like.

Lemma 1. Let k1, k2, ..., k|D| be a sequence of types in D such that ∆t = Qkt − Ckt is non-
decreasing in t, and k1, k2, ..., k|S| a sequence of types in S such that ∆t = Ckt − Qkt is non-

increasing in t. Then VD(D) ≤ min
{∑|D|

t=1(|D| − t)∆t,
∑

k∈D Ck −mink∈D Ck
}
, and VS(S) ≤

min

{∑|S|
t=2

[∑
k∈D(Q

k − Ck)−
∑t−1

t′=1∆t′

]+
,
∑

k∈S Qk −mink∈S Qk

}
+
∑

k∈D(Q
k − Ck).

For any given demand profile, suppose that the total capacity for deficit/balanced types is held
fixed.

∑|D|
t=1(|D| − t)∆t is minimized if the excess demand Qk − Ck is equal for all k ∈ D, while∑

k∈D Ck − mink∈D Ck is minimized if all deficit/balanced types have equal capacity Ck. There-
fore, either the excess demand or the capacity should ideally be evenly distributed among the
deficit/balanced types such that the bound on VD(D) cannot be further lowered by capacity re-
distribution among deficit/balanced types. Likewise, the surplus capacity Ck−Qk should ideally be
equal for all k ∈ S such that no capacity redistribution among surplus types can improve the bound
on VS(S). We call this a desirable property for capacity allocation schemes.

Proposition 4. For any demand profile, the PoA of any capacity allocation scheme observing the
desirable property is at most |K|/2.

Proposition 4 provides a theoretical guarantee for the performance of schemes observing the
desirable property. The effect of the property is more prominent when the number of types is
large and the upper bound on PoA can be nearly halved. It indicates that despite suffering from
limited knowledge of user preference and the lack of operational-level control policy that leverages
the arrival/service order and/or the assignment mechanism, there is still a huge room for managing
the uncertainty/inefficiency resulted from decentralized assignment via smarter and well-informed
system design.
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